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1.-  Introduction 

 

In general equilibrium theory, it is well known that a Walras equilibrium may fail to 

exist in the presence of indivisible goods and even the core may be empty as it is shown 

in Shapley and Scarf (1974).  Numerous authors (Brome (1972), Mas Colell (1977), 

Kahn and Yamazaki (1981), Quinzii (1984), see Bobzin (1998) for a survey) consider 

economies with indivisible commodities and one perfectly divisible.  All these 

contributions suppose that the divisible commodity satisfies overriding desirability, i.e. 

it is so desirable  by the agents that it can replace the consumption of indivisible goods.  

Moreover, every agent initially owns an important quantity of this good.  In such case, 

the non-emptiness of the core and existence of a Walras equilibrium is then ensured. 
 

In the model developed in Florig and Rivera (2002) it is assumed that all the 

consumption goods are indivisible at individual level but perfectly divisible at the 

aggregate level.  In such case it is not possible to show nonemptiness of core and the 

existence of a Walras equilibrium in a general case.  However, it can be proved the 

existence of the so called rationing equilibrium, which is a competitive notion.  In fact, 

depending on the type of survival assumption made on, convergence to either a Walras 

or hierarchc (Florig (2001)) equilibrium holds when indivisibilities became small.  

However, in spite of these results, it is still open the question on Welfare and core 

equivalence of rationing equilibrium, whose study is the objective of this paper. 

 

As one of the main results of this work, we are going to demonstrate that rationing 

equilibrium is weakly Pareto optimal and is in the Konovalov’s (1998) rejective core 

(which is a refinement of the standard weak core).  In fact, strong Pareto optimally fails 

due to the fact that some consumers may own commodities which are worthless to them 

as a consumption good (or they own more than they need).  Under indivisible goods in 

the economy, the value of these commodities may be so small that selling them does not 

enable to by more of the goods they are interested.  Thus, they may waste these 

commodities, which could however be very useful and expensive for poorer agents.  So 

the market is not as efficient as in the standard Arrow-Debreu setting (Arrow and 

Debreu (1954)). 
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2.-  Model and preliminaries 

 

2.1. Basic concepts 

 

For details, interpretation and proofs on the model we are going to present in this 

section, we refer to Florig and Rivera (2002). 

 

We set L to denote the finite set of  commodities and let I , be finite sets of types of 

identical consumers and firms respectively.  We assume that each type  of  

agents consists of a continuum of identical individuals represented by a compact 

interval , whose length is 

J

JIk ,∈

IR⊂Tk ( )kTλ .  We set and . 

Of course  φ=∩ tt T ′T  if type   and t t′  are different. 

 

Each firm of type  is characterized by a finite production set Y  and the 

aggregate production set of type  firms in the convex hull .  Every 

consumer of type 

Jj∈

Ii

L
j IR⊂

( ) jj coYTj λ

∈  is characterized by a finite consumption set , an initial 

endowment of goods , an initial endowment of paper money 

L
i RX ⊂

0≥imLIR∈

iP :

ie 1 and a 

preference correspondence .  Let iX
iX → 2 ( )∑ ∈

=
Ii ii eTe λ  be the aggregate initial 

of the economy.  For  ( )∈ Ij 0, ≥× J,i ijθ  is the share of type i  consumers in type  

firms.  For all . 

j

( ) iji 1θ∑ i
J ,

∈I
Tλ =∈j

 

With all foregoing, an economy ξ  is a collection 
 

( ) ( ) ( )( )( )
JIjiijJjjIiiiii YmePX

×∈∈∈=
,

,,,,, θε . 

 

Feasible consumption-production plans are elements of 

 

                                                 
1   In the model  is assumed that this “good” is perfectly divisible, may be consumed in positive amounts, but does not enter the 

consumers preferences. 
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where2 

 
 

 
 

We denote by C  the set of pointed cones3 LIRK ⊂  and given ( ) +×∈ IRIRqp L,  we 

have the following definition. 

 

Definition 2.1. 

 

a.-  For a type i  consumer, we define I∈

(i) Budget set:  ( ) ( ){ }∑ ∈
++⋅≤⋅∈=

Jj jijiiii pqmeppXqpB πθχχ, . 

 

(ii) Walrasian demand: ( ) ( ) ( ) ( ){ }θχχ =∩∈= iiii PqpBqpBqp ,,,id  

 

(v) Weak demand: ( )
( ) ( )

( )qpdqp i
qpqp

iD ′′=
→′′

,suplim,
,,

 

 

 (vi) Rationing demand: ( ) ( ) ( ){ }KPqpDKqp iii ⊂−∈= χχχδ ,,,  

 

b.-  For a type  firm we define Jj∈

(i) Walrasian supply:  ( ) yppS Yjyj ⋅= ∈maxarg  

 

(iii) Aggregate Walrasian profit: ( ) ( ) ypTp Yjyjj ⋅= ∈supλπ  

 

(vii) Rationing supply: ( ) ( ){ }KyYpSyKp tj −⊂−∈=,jσ  

 

                                                 
)2   We note  the Lebesgue integrable functions from ( BAL ,1 A to  B

K =∩3   A cone  is pointed if it contains no straight line, i.e. { }0− KK .  See Rockafellar and Wets (1998). 
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With previous concepts, we are going to define our equilibrium notions.  Thus, given 

 and ( ) ( ) +××∈ IRIRAqpy Lεχ ,,, CK ∈ , we have that. 

 

Definition 2.2.   ( qpya ,,,. )χ−  is a Walras equilibrium with money of ε  if 

 

a.-  (i) for a.e.  

 

(ii) for a.e.  

 

 

b.- ( qpy ,,, )χ  is a weak equilibrium of ε  if 

(i) for a.e.  

 

(ii) for a.e.  

 

 

c.- ( Kqpy ,,,, )χ  is a rationing equilibrium of ε  if 

(i) for a.e.  

 

(ii) for a.e.  

 

Remark 2.1. 

 

a.-  Note that every Walras equilibrium is a weak equilibrium and every weak 

equilibrium is a rationing equilibrium. 

 

b.-   In general, it is well known that Walras equilibrium fails to exists when goods are 

indivisibile (Shapley and Scarf (1974)).  Mathematically this cames from the fact 

that demand correspondence is not upper semi continuous with respect to ( )  

and this is the reason why we defined a regularized notion of it 

id qp,

( )iD . 
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c.- Weak equilibrium must be seen as an auxiliary equilibrium concept which is 

crucial building block for the existence proof, Welfare properties and core 

equivalence of our full blown equilibrium concept (rationing equilibrium). 

 

d.- An economical interpretation of weak demand (and then rationing demand) is 

given in Florig and Rivera (2002).  There is proved that if  0〉iqm 4 then. 

 

 ( ) ( ) ( ) ( ) ( ){ }χχωχχ iiiii coPqpPpqpBqpD ∉≥⋅∈= ,,,, . 

 

Finally, following proposition (existence of equilibrium) is proved in Florig and Rivera 

(2002). 

 

Theorem 2.1  If for all i  is irreflexible and transitive and (survival assumption) iPI ,∈

{ } ( )∑
∈

−−∈
Jj

jjijii coYTcoX λθω0  

then for every economy ε   there exists a weak equilibrium with .  Moreover if 

for all i , there exists a rationing equilibrium with . 

0〉q

0〉im I∈ 0〉q

 

We point out that the existence of equilibrium results holds under very weak 

assumptions on the economy. 

 

 

3.-  Core 

 

In this section, we shall study the core properties of rationing equilibrium.  In particular, 

we will establish a core equivalence  result.  To proceed, we begin with the following 

definition, which is a natural extension of standard weak core to our framework. 

                                                 
4   In that case, paper money can be used as médium of exchange.  In the contrary case, due to paper money does not Participates in 

consumers preferences, it could drooped from the economy without further consequences. 
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Definition 3.1. A collection ( ) ( )εχ Ay ∈,  is in the weak core if there does not exist 

( ) YXy ×∈′′,χ and the measurable set   such that: 

 

(i) for a.e. ( )ttt PTt χχ ∈′∈ , ; 
 

(ii) 
( ) ( )∫ ∑ ∑∈ ∈

′∩=−′
Ii Jj jjijittT yTTTe λθλχ . 

 

 

Proposition 3.1.   Let qpy ,,,χ be a weak equilibrium such that for all i , 

then 

0, 〉∈ iqmI

( y, )χ is in the weak core. 

 

 

Proof.  We proceed by contraposition 

 

Let T y′′,, χ  as described in the definition.  So for a.e. t T∈ , 

 

( ) ( )∑ ∑
∈ ∈

′⋅+⋅≥+⋅〉′⋅
Jj Jj

jjtjtjtjtt ypTeppepp λθπθχ    

 

Thus ( ) ( )∫ ∑ ∑∈ ∈
′∩⋅〉−′⋅

Ii Jj jjijittT yTTTpep λθλχ  contradicting (ii) of Definition 

3.1. 

 

Remark 3.1.  The weak core cannot be decentralized. 

 

Adapting an example from Konovalov (1998), consider an exchange economy with two 

types of consumers ( ) ( )( 21 TTwith )λλ =  and two commodities.  Let 

{ } ( ) ( ) { } ( ) ( 2,0,0,2,,min,2,1,0 21211
2

21 ===== eeuXX χχχ ), 221 =+− u χχχ

( )
 .  The 

type-symmetric allocation ( )0,2,2,0 21 == χχ  is in the weak core (in fact, it is even in 

the strong core, i.e. the one using weak blocking).  By a demand characterization given 

in Florig and Rivera (2002), for all ( )qpcoDIR ,, 22 ∉+ χIRqp L, ×∈ .  So this allocation 

cannot be decentralized.  One may check that we have a unique weak equilibrium 
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allocation with   for all i0〉iqm I∈ which is in fact type symmetric:  

( ) ( 2,20,0 21 == )χχ                                 

,

Previous Remark lead us to consider a refinement of weak core, which is a natural 

extension of Konovalov (1998) definition to our setting. 

 

 

Definition 3.2.  The coalition   rejects  ( ) ( )εχ Ay ∈, , if there exist a 

measurable partition U of V T , and an allocation X∈′χ  such that the following 

holds: 

(i)  
(ii) for a.e. ( )ttt PTt χχ ∈′,∈  

 

The rejective core   of  ε  is the set of ( ) ( )εχ Ay ∈, which cannot by rejected 

by a non-negligible coalition. 

 

The interpretation of this core concept could be as follows.  An allocation χ  is 

proposed;  group V refuses this allocation and stays with the initial endowment;  group 

  realizes the proposed exchange and once they obtained the allocation U χ  , they meet 

with group V  leading them to the allocation χ ′  . 

 

Allocation χ ′could be  infeasible, if groups U and V were too big.  However, one can 

always construct from U  and V smaller groups U ′ and V ′ such that χ ′ is feasible for 

them.  It is sufficient to choose them such that for all 

( ) ( ) ( ) ( )iTiii TVTUIi VandUT ∩=∩′∩=∈ ∩′ λλλλ 2
1

2
1, .  Now if V refuses to 

exchange, then a proportion larger than 

′

2
1  of the set of agents can establish χ .  The 

complement fails to establish χ  since V ′  refused.  They stay with their initial 

endowment.  Then, U and V can indeed establish ′ ′ χ ′  together. 
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Remark 3.2. Rationing equilibria without money may be rejected. 

 

Consider an exchange economy with three types of consumers 

( ) ( ) ( )( 321 TTTwith )λλλ ==

{ } ( )

 and two commodities: for all 

( ) ( ) ( ) ( ) ( ) ( ) ( )0,1,0,0,4,0,1,0,1,1, 3211312
2 ===−−=−−= eeeuu χχχχχ,2,1,0, 1

1
2 −−==∈ uXIi i χχ

The type symmetric allocation ( ) ( ) ( )2,0,2,1,0,0 321 === χχχ  is a rationing 

equilibrium with ( ){ }01,0, ≥−= ttK

( )1,12

0== qp .  However it is not in the rejective core 

since the players of type 2 and 3 may reject this leading them to =ξ  and ( )1,03 =ξ  

(type 2 agents accepts 2χ  and type 3 agents stay with their initial endowment). 

 

Proposition 3.2.  Let ( )Kqpy ,,,,χ  be a rationing equilibrium such that for all 

 then 0, 〉∈ iqmIi , ( y, )χ  is in the rejective core. 

 

Proof. Let with ( ) 0〉Tλ  and a measurable partition U f V,  o T and X∈′χ  

such that for a.e. ( ttP )tTt χχ ∈′∈ , .  Thus ∫ ∈−′ KttU χχ \{ }0 . 

First note that 

 

( ) ( )∫ ∫ ∫ ∑ ∑
∈ ∈

∩++⋅=′⋅
Ii Jj

jijitTtTtT pTTmqepp πθλχ . 

 

Thus, if condition ( )i  of Definition 5.2. is satisfied, we necessarily have ( ) 0=Vλ .   

 

Note that for every    Thus  
 

 
 

Thus,  and this contradicts ∫ −∈−′ KttT χχ ∫ ∈−′ KttT χχ \{ }0 . 
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The absence of some local non-satiation property would entail the existence of rejective 

core allocations which cannot be decentralized.  This is due to the fact that a consumer 

at a satiation point does not care whether a firm he entirely owns chooses an efficient 

production plan or not (cf. Florig (2001)). 

 

Proposition 3.3 Suppose θ=J .  Then, for every   there exists 

such that ( )1,, =qpχ  is a Walras equilibrium 

with money of the economyε  when replacing m by m′ . 

 

Proof.  Let  .  Since the number of types is finite and the consumption 

sets are finite, we can define a finite set of consumer types { }AA ,...,1≡  satisfying the 

following: 

 

(i)  is a finer partition of ( ) AaaT ∈  than ( ) IiiT ∈  , 

(ii)  for every , there exists Aa∈ aχ  such that for every ataTt χχ =∈ ,  

Set 

 

( ) ( )( ) ( ) ( )( )aaaaaaaaaa ecoPTGcoPTH −=−= χλχχλ , , 

 

 

Claim 3.1.  

 

Proof of Claim.   Otherwise there exist ( ) ( ) [ ]A
aa 1,0, ∈µλ  with ( ) 1=+∑ ∈ aaAa µλ  and   

( aaa coP )χξ ∈ for all a  such that A∈

 

( )( ) ( )( )[ ]∑
∈

=−+−
Aa

aaaaaaaa eTT 0ξλµχξλλ  
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Thus there exists , a measurable partition U f V, o XT ∈ξ, such that for a.e. 

( ttt PTt )χξ ∈∈ ,  and for all ( ) ( )aTaaTUAa λλλ =∩∈ ,  and ( ) ( aa T )aTV λµλ =∩ .   

Thus  contradicting ∫ ∫ ∫+= tVtUtT eχξ . 

 

Since  is compact, there exist \LIRp∈ { }0  and 0〉ε  such that min〈ε  .  For 

every , let Aa∈ ( ) 2/εχ +−⋅=′ aaa epm and set 1=q .  Then, of course for every  

 
 

To end this section, we use an example from Shapley and Scarf (1974) to illustrate 

some facts mentioned in this section. 

 

Example 3.1. 

 

Shapley and Scarf (1974) gave  the following example in order to show that the core 

may be empty when commodities are indivisible.  We consider an economy with  three 

types of agents  nine commodities { 3,2,1=I } { }CCBAL 3,1,1,1 ,...=  commodity set 

 and concave utility functions for i{ }91,0=iX I∈  

 

( ) { } { }{ }
CBCA iiiBiAiiiu 22 ,,min;1,1,min2max ++++= χχχχχχχ  

 

The indices are module 3.  Initial endowments are  ( ) iihi Xee ∈=  with  if and 

only if . 

1=ihe

{ }CBA iiih ,,∈

 

The following picture illustrates endowments and preferences.  Each consumer would 

like to have three commodities on a straight line containing only one of his 

commodities.  The best bundle is to own a long line containing his commodity i  and 

 and the second best would be to own a short line containing his commodity 

 and i . 

A

AB ii 1,1 ++

Ci 2+ CB i 2, +
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1A

1B 

2C 3C

1C

2B

3B3A 2A

 

 

 

If there is only one agent per type this reduces indeed to Shapley and Scarf’s (1974) 

setting.  In this case, at any feasible allocation for some  i I∈ , agent i obtains utility 

zero and agent i  at most utility one.  However, if they form a coalition it is possible 

to give utility one to and two to 

2+

i 2+i .  Thus, the core is empty. 

 

With an even number of agents per type or a continuum of measure one per type the 

weak and the rejective core correspond to the allocations such that half of the consumers 

of type i consume 1=ihχ  for all { }BAA iiih 1,1, ++∈  and the other half consumers 

1=ihχ  for all { }C2

CB33

B ih ,2 +∈

BA 1,

C ii , + .  So every consumer obtains at least his second 

best allocation.  It is not possible to block an allocation in the sense that all consumers 

who block are better off.  Indeed, they would all need to obtain their best allocation and 

this is not feasible for any group.  To see that this is the only allocation in the core, note 

that  at any other allocation at least one consumer say a consumer of type 1 (or a non-

negligible group of a given type) would necessarily get an allocation which yields zero 

utility.  Then by feasibility, a consumer of type 3 (or a non-negligible group of type 3) 

obtain only their second best choice.  The consumer of type 1 can propose the 

commodities 1  in exchange for  making everybody strickly better off. 

 

Allocations in the core are supported by a uniform distribution of paper money 

 for all i0〉= mmi I∈ and the price mqp /1),1,1,2,1,1,2,1,1,2( == .  Thus, a Walras 

equilibrium with money does not exist for a uniform distribution of paper money.  A 
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rationing equilibrium, however, exists.  If half of each type obtains one unit of paper 

money and the other half strictly less than one unit, then the core allocation is a Walras 

equilibrium allocation with the same price p and 1=q . 

)

0=

( ( )u χ1=

)

 

4.-  Welfare Analysis 

 

We begin adapting the usual weak Pareto optimum definition to our framework and we 

shall prove that our equilibrium notion verifies welfare properties with this concept of 

Paretianity.  Unfortunately, in our model of indivisibility strong Pareto optimality fails 

as we mentioned in the introduction. 

 

Definition 4.1 A collection ( ) (εχ Ay ∈, is a weak Pareto optimum if there does not 

exist ( ) ( )εχ Ay ∈′′,  such that ( )ttt P χχ ∈′  for a.e.  

 

Remark 4.1. Weak equilibria with q need not be weak Pareto optima. 

 

Consider an economy with two types of agents 

{ } { } { } ( ) ) ( ) AB ueeXBALI χχχ ====== 221
2 ,1,0,0,1,1,0,,,2,1 .  Then ( )qp,,χ  

with tt e=χ  for all ( ) 0,1,1, == qp

( )1,0

t  is a weak equilibrium.  However, type one agents 

consuming  and type two agents ( )0,1  increases the utility of all agents. 

Following proposition comes readily from Proposition 3.1. 

 

Proposition 4.1. First Welfare Theorem 

 

a.-  Every weak equilibrium ( qpy ,,,χ is weak Pareto optimum provides that . 0〉iqm

b.-  Every rationing equilibrium is weak Pareto optimum. 

 

In what follows, we restrict ourselves to exchange economies when studying the Second 

Welfare Theorem.  Following Remark is illustrative of one difficulty we have to 

decentralize Pareto optimum with our equilibrium notion. 
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Remark 4.2.  Weak Pareto optima cannot always be decentralized by 0≠p 5. 

 

Consider an exchange economy with three consumers and two commodities  

for all 

{ }:, BAL =

{ } ( ) ( ) ( ) ( ) ( ) ( )0,2,2,0,0,0,,,0,2,1,0, 321321
2 =======∈ χχχχχχχχ BAi uuuXIi . 

Decentralizing this allocation by \LIRp∈ { } ( )( )0,0 〉×∈ + i
L qmwithIRIRqpor  implies 

that .  For LIRp ++∈ ( )qpD ,2pB ,pA ∈≥ χ  implies 1≥Aχ  and for 

( .,qppA ≤ ), 3DpB ∈χ   implies 1≥Bχ . 

 

The problem in previous Remark comes from the fact that χiP  could be an empty-set 

and therefore it would not possible to obtain a different from zero price which 

decentralize the point.  However, if we consider a slightly weaker notion of Paretianity 

than the weak one, this problem could be dropped as we shall see in next proposition. 

 

Definition 4.2.  A collection ( ) ( )εχ Ay ∈, is a feeble Pareto optimum if there does 

not exist and a non-negligible set( ) (εχ Ay ∈′′, ) such that for a.e. 

( )ttPtTt χχ ∈′∈ ,  and for a.e.   if and only if  Tt ∈ . 

 

Note that any feeble.  Pareto optimum is a weak Pareto optimum. 

 

Proposition 4.2. Second Welfare Theorem 

 

Letε be an economy with θ=J .  Let χ be a feeble Pareto optimum.  Then there exists 

\{  and LIRp∈ }0 Xe ∈′ such that ( )p,χ is a Walras equilibrium of ε ′which is obtained 

from ε , replacing the initial endowment e by e′ . 

 

Proof.  For all .  Since the number of types is finite and the 

consumption sets are finite, we can define a finite set of consumer types  

satisfying the following: 

{ }AA ,...,1≡

                                                 
5   Or  with  ( ) +×∈ IRIRqp L, 0〉iqm
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 (i)  is a finer partition of  ( ) AaaT ∈ than ( ) IiiT ∈ , 

(iii) for every a∈ , there exists A aχ  such that for every ataTt χχ =∈ , . 

 

Set ( ) ( )( )aaaaa coPTH χχλ −= and  

 

Note that  .  Otherwise there exist ( ) [ ]A
a 1,0∈λ  with  and ∑ ∈

=
Aa a 1λ

( )aaa coP χξ ∈  for all a  such that A∈ ( )( )∑ ∈
=

Aa a 0λ − aaaT χξλ .  Thus there exist 

X∈ξ such that for all ( ){ }( ) ( )aa Tλλ=ttA χλ∈ , ta PTt ξ ∈∈a  and 

{ }( ) ( ) (a λλ− )at T= 1taTt χξλ =∈  contradicting the weak Pareto optimality of χ . 

 

As  is compact, there exists \LIRp∈ { }0  and 0〉ε  such that for all 

 . Hence for a.e. .  So 

( p, )χ  is indeed a Walras equilibrium of ε ′ .  Setting q  such that for all 0〉

( qp,,,2/ )qmi i, χε〈  would also be a Walras equilibrium with a positive value of paper 

money. 

 

Remark 4.3.  Under the assumptions of the previous proposition, we could also 

decentralize any Pareto optimum χ  by a bonafide fiscal policy.  Collecting 

taxes ( ) tttt mep +−⋅= χτ  from agent  payable in monetary units, χ becomes an 

equilibrium together with  and 1=q p as in the previous proof. 
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